ABSTRACT. (1, 3, 6, 10, 15, 21, 28, 27, 27, 28 An important problem in commutative algebra is the study of the properties of the h-vectors of level algebras. This is largely due to the relevance these special algebras have in several other areas of mathematics, such as invariant theory, geometry, combinatorics, etc. (see, e.g., [GHMS] for a broad overview of level algebras).
If s = (0, 0, ..., 0, s e = t), we say that the graded algebra A is level (of type t). If, moreover, t = 1, then A is Gorenstein. With a slight abuse of notation, we will refer to an h-vector as level (or Gorenstein) if it is the h-vector of a level (or Gorenstein) algebra.
Let us now recall the main facts of the theory of inverse systems, or Macaulay duality, which will be a fundamental tool in this note. For a complete introduction, we refer the reader to [Ge] and [IK] .
Let S = k[y 1 , ..., y r ], and consider S as a graded R-module where the action of x i on S is partial differentiation with respect to y i .
There is a one-to-one correspondence between graded artinian algebras R/I and finitely generated graded R-submodules M of S, where I = Ann(M) is the annihilator of M in R and, conversely, M = I −1 is the R-submodule of S which is annihilated by I (cf. [Ge] , Remark 1), p. 17).
If R/I has socle-vector s, then M is minimally generated by s i elements of degree i, for i = 1, 2, ..., e, and the h-vector of R/I is given by the number of linearly independent partial derivatives obtained in each degree by differentiating the generators of M (cf. [Ge] , Remark 2), p. 17).
In particular, level algebras of type t and socle degree e correspond to R-submodules of S minimally generated by t elements of degree e.
It was initially believed that all Gorenstein h-vectors of any codimension might be SI-sequences, i.e., they are unimodal (that is, they no longer increase once they start decreasing) and their increasing part is differentiable (that is, its first difference is again the h-vector of an artinian algebra). Instead, this conjecture has been proven false for r ≥ 5.
In particular, not even all Gorenstein h-vectors are unimodal (see [St2] , Example 4.3, for the first counter-example, in codimension 13. See also [BI] , [BL] and [Bo] ).
In codimension r = 4, we do not know whether or not all Gorenstein h-vectors are SI-sequences, nor even whether they must be all unimodal (see, however, IarrobinoSrinivasan's paper [IS] ).
Instead, in codimension r ≤ 3, the conjecture that all Gorenstein h-vectors are SI-sequences was proven correct by Stanley in [St2] , Theorem 4.2 (he characterized those h-vectors by using a deep structure theorem of Buchsbaum and Eisenbud, see [BE] . See also [Ma] for r = 2, and our paper [Za] , where we show Stanley's result in an elementary fashion).
In general, level h-vectors were first studied by Stanley (see [St1] ). Iarrobino, in his 1984 paper [Ia] , characterized the level h-vectors of codimension 2, while in higher codimensions the situation looks much more difficult and is still mostly unclear. During the last years, however, level h-vectors have been extensively investigated; we refer to the memoir [GHMS] for the most comprehensive bibliography on the subject up to 2003.
A very natural (and important) problem, especially after Stanley's result on the Gorenstein case, is to determine whether all codimension 3 level h-vectors are unimodal (see [GHMS] , Question 4.4). In the present note we solve this problem negatively, by supplying a simple counter-example.
As an easy consequence, we have the remarkable fact that not all the level algebras of codimension 3 enjoy the Weak Lefschetz Property (see [GHMS] In order to show our main result, we need, as a lemma, a theorem of Iarrobino, which basically proves that the partial derivatives of a generic form (generic in the sense that it corresponds to a point of a suitable non-empty Zariski-open set) "intersect" a given inverse system module the least possible. This result also takes into account the well-known fact that the number of linearly independent i-th partial derivatives of a generic form of degree e is the largest possible, i.e. the minimum between r−1+e−i e−i and r−1+i i (e.g., see [Ia] , Proposition 3.4). 
Example 2. Let us consider a level algebra A = R/Ann(M), where
having h-vector (1, 3, 6, 9, 12, 15, 18, 21, 24, 27) . For example, we can construct it by truncating (after degree 9) a Gorenstein algebra having h-vector (1, 3, 6, 9, 12, 15, 18, 21, 24, 27, 24, 21, 18, 15, 12, 9, 6, 3, 1) , which exists by the above-mentioned characterization of Stan- ii). Employing the same idea we used in Example 2, we can easily construct infinitely many other non-unimodal codimension 3 level h-vectors (having larger type and socle degree): for instance, let us consider a level algebra A = R/Ann(M), having a socle degree e large enough, whose h-vector ends with an arithmetic progression of the form (..., t − ip, ..., t − 2p, t − p, t), for any p ≥ 3 (e.g., A can be constructed as above by truncating a Gorenstein algebra). Then, by Lemma 1, a simple calculation shows that, if we take a generic form F of socle degree e, the level h-vector H of R/Ann(< M, F >) has the entry of degree e − p larger (by 1) than the entry of degree e − p + 1. Since t + 1 > t − p + 3 for p ≥ 3, it follows that H is not unimodal.
For example, applying the above procedure to (1, 3, 6, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70) , we obtain the non-unimodal level h-vector , 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 65, 65, 66, 68, 71) .
iii). The same technique used above also allows us to show that there exist codimension 3 non-unimodal level h-vectors with as many "maxima" as we please. In particular, there are codimension 3 level h-vectors ending with (..., t, t, t + 1, t, t, t + 1, ..., t, t, t + 1), where the sequence t, t, t + 1 may be repeated as many times as we desire.
In fact, let us construct a level h-vector having exactly N maxima, where N is any positive integer. Consider first a level h-vector h = (1, 3, h 2 , ..., h e ), having socle degree e large enough, such that, for some integer t, h e = t, h e−1 = t − 3, h e−2 = t − 6, h e−3 = t − 9, h e−4 = t − 15, h e−5 = t − 21, h e−6 = t − 27, h e−7 = t − 36, h e−8 = t − 45, h e−9 = t − 54, and so on, down to h e−3(N −2)−1 = t−
, h e−3(N −2)−2 = t− = a, a + 9, a + 18, a + 27, a + 36, a + 42, a + 48, a + 54, a + 57, a + 60, h 100 = a + 63 = t). Hence, by the construction suggested above, we obtain the level h-vector H = (1, 3, 6, ..., H 90 = 90 + 2 2 , t + 1, t, t, t + 1, t, t, t + 1, t, t, t + 1), which has exactly 4 maxima, as we desired. Now that we have shown that the property of unimodality in codimension 3 does not extend from Gorenstein to level h-vectors of arbitrary type, the main question becomes:
Question 6. What is the maximum type t 0 such that all the codimension 3 level h-vectors of type t ≤ t 0 are unimodal? In particular, is there always unimodality for t = 2?
